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Lower bounds on the cardinal&y of the maximum matchings of graphs are established in 
terms of a linear polynomial of p, p(l), pt2) and y whose coefficients are functions of K, whert.* p 
is the number of the vertices of a graph, pCi) the number of the vertices of degree i (i = 1,2), y 
the genus and K the connectivity. 
1. preliminary definitions and lemmas 
In this paper we deal with simple finite undirected graphs (no loops and no 
multiple edges). G = (V, E) denotes a graph with vertex set V and edge set E. A 
matching of a graph is a set of nonadjacent edges, and a maximum matching, 
denoted by M(G), of G is one of maximum cardinality. n(G) denotes the number 
of unsaturated vertices (i.e., vertices with which no edge of a matching is incident) 
in M(G). Therefore 
where p =IVl. The genus y(G) of a graph G is the smallest genus among all closed 
orientable 2-manifolds on which G can be embedded, i.e., the minimum number 
of handles which must be added to a sphere so that G can be embedded on the 
resulting surface. Of course, if G is planar, 
y(G) = 0. (2) 
cZG (V) denotes the degree of a vertex u in G, and 6(G) the minimum degree of 
vertices in G, i.e., S(G) =minu., d&u). The connectivity K(G) of a graph G is the 
minimum number of vertices whose removal results in a disconnected or trivial 
graph. r(G) and K(G) are often written y and K in short, respectively. For 8 
subset S of V, let G -S denote the graph obtained from G = (V, E) by the 
removal of all the vertices in S. An odd component is one with an odd number of 
vertices. 1x1 means the greatest integer CX, and [xl the least integer XC. We 
define for sets A1 and AZ, Al +A, - A1 U A2 if A1 n A, = 8. A singleton set {a} is 
denoted by “a” for the sake of convenience. 
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Let a graph G = (V, E) have p vertices and q edges. Let I be the set of all 
positive integers, IO be the set of all positive odd integers, and I, be the se; of all 
positive even integers. Define for i E I 
P={u 1 UE v and d&v) = i}, 
and 
(i) = (i) 
P l Iv I 
Lemma I. If G is a connected 1 _Tartite graph, then 
I 
=2p-p (11-2 =() ifp=l, 
=2p-p--1= 1 if p =2, 
’ <min{2p-p’“+4y(G)-2,2p+4y(G)-4} 
ifpa3. 
(34 
(3b) 
(3c) 
Proof. Both (3a) and (3b) are obvious. We shall show (3~). Suppose that p 3 3. It 
has been shown that q ~2p +4?(G)-4 (see [4]). Thus we shall show that 
q s 2p - p(l)+ 4?(G)- 2. Let G’ be the graph with p’ vertices and q’ edges 
obtained from G by the removal of all the vertices of degree 1, i.e., G’ = G - V(l). 
Then 
and 
p’ = p-p(l), 
q’ = q-p”‘. 
(4) 
(5) 
Since p 3 3, p’ 2 1. 
Case 1: p’ = 1 or 2. Since G is a tree, 
qzp-1’ I 2P-P 
(‘J-2 ifp’z 1, 
2P-P (1)~3 ifp’=2_ 
Case 2: ~‘2 3. Since G’ is a connected bipartite graph with at least three 
vertices [4], 
q’s2pf+4y(G’)-4. (6) 
Since r(G’)s y(G), by (4), (5) and (6) 
q<2p-p’“+4y(G)-4. 
Lemma 2. For any graph G = (V, E), there exists a subset S of V such that 
(a) W--S = n(G); 
and 
(b) V”‘c S+ W, 
where (i) s = ISI, (ii) t is the number of odd connected components of G -S, (iii) 
Gi = (\<, Ei) is the ith connected component of G -S, (iv) Ji = {j IIyl= i} and 
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ti =IJil for i E I SO that t =Cirlo ti, and (v) W= UjcJ, Vj, i.e., W=(V 1 v E L; and 
pq= 1). 
Proof. Berge has shown that there exists a subset S of V which satisfies 
Condition (a) (see [2,3]). Suppose that S is selected so that 1 V”’ fl [V- (S -t- W))I 
is minimum among such subsets. We shall show that V(l) n (V- (S + W)) = $9. 
Assume that V(l) n (V- (S + W)) # 8. Then there exist (i) a vertex v E V such that 
dG(v) = 1 and v E Vj, I Vl.13 2, and (ii) a vertex u E Vj which is adjacent with v in 
Gj (and in G). Here d&)22. If IVJ is odd, then Gj - u has at least two odd 
connected components, one of which is the graph with the vertex set {v}. If I Vjl is 
even, then Gj - u has at least one odd connected component. Therefore if S is 
replaced by S’ = S + u, then 
and 
t’at+l, 
s’ = s+l, 
W’=, w+v, 
where t’, s’ and W’ are defined, with respect to S’, in the same fashion as t, s and 
W. Hence 
t’-sS)a it(G). 
where in fact equality holds, and 
pn(v-(S’+ W’))(<Iv~“n(v-(s+ W))l. 
This is a contradiction. 
2. Main theorems 
In a previous paper [6], we have established lower bounds on the cardinality of 
the maximum matchings of planar graphs with a constraint on the minimum 
degree. In this paper we show relationships between the genus and the cardinality 
of the maximum matchings of a graph (not always planar and with no constraints 
on the minimum degree) which partly generalize the previous results. 
Theorem 1. If G = (V, E) is connected, then 
~[$(p-p’l’- p”‘-4y(G)+2)] 
IM(G)I ifp+2p’1’+2p’2’+8y(G)~ 10, 
=- 1 P] :. otherwise. 
Proof. We can easily prove the above claim by using (1) and the following: 
n(G)<max{l, l~(p+2p”‘+2p”‘+Sr(G)-4)D. (7) 
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Suppose that (7) is not true, that is, 
and 
2~ n(G); (8a) 
i(p+2p(1)+2p(2)+8y(G)-4)<n(G). (8b) 
S, t, s, Vi, Ji, ti and W are defined as in Lemma 2. By (8a) 
Sal. (9) 
Now 
?+l, (10) 
because, if t,=O, then pa3t+s and n(G)=t-s~$(p-4s)~~(p-4) by (9), 
contradicting (8b). Let 
&={(v,w)I(u,w)EEandv,wES}, 
and 
Let G’ = G - V*-E, with p’ vertices and q’ edges be the graph obtained from 
G - p by removing all the edges in &. Note that G’ may contain isolated 
vertices. By definition, it is obvious that G’ is a bipartite graph with edges joining 
the vertices in W and in S. By (lo), G’ is nontrivial. Hence 
By the definition of genus, 
y(W s y(G). (12) 
Let p”*O’ be the number of vertices v such that v ES, d,(v) = 1 and c&(v) =O. 
Among the tl vertices in W of G’, at most (p”) - p(‘v’)) vertices are of degree 1, at 
most pt2’. are of degree 2, and the remainder are of degree >3. Therefore 
q’ 3 3t, - 2(p”’ _ p’Lo’) - p’2’_ 
Since t = xiE[, i, t and lVj133 if iEJi and ia3, 
(13) 
(14) 
By (8b) and (14), 
t, -s = n(G)-(t- tI)>+(p’+2p(1)+2p(2)+8r(G)-4). (1% 
By (11) and (15), 
tl >$(2p’+p”‘+p’2’+4y!G)-2), 
By (13) and (16), 
(16) 
(17) 
Let G’ contain k connected components, let G{ = (V;, Ei) with pi vertices and 
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q; edges be the ith connected component of G’ (i = 1,2, . . . , k), and let k, be the 
number of connected components such that pi = 2. Then k 2 1 by (lo), and by [l] 
y(G’) = i y(Gr). (18) 
i= 1 
Since GI is a connected bipartite graph, by Lemma 1 
,< 2&-p:“‘-- 1 
9i - I 
if p;=2, 
2p:-p{(“+4y(G:)-2 otherwise, (19) 
where pi ‘(l) denotes the number of the vertices of degree 1 in G;. Since q’= 
xFC1 45 and p’=& pi, by (12) (28) and (19) 
q’~2p’-p”“+4y(G)-(2k - k2). (20) 
where p’(l) is the number of the vertices of degree 1 in G’. Since k 3 k2, 
=l if k=k2=1, 
otherwise cm 
Let IJ E V be a vertex such that &(u) = 1, i.e., II E V? Then, by Lemma 2, 
u~(S+~.If~~W,thend,~(u)=l.Ifu~S,then~~~(~))~l~~O.Ifk=k~=l, 
then there exists a vertex u E S such that &(u) = 1 and &(u) 3 2. Therefore 
p’(l) + p’l*O) 2 
p(l)+1 if k=kZ=l, 
P 
(1) 
otherwise 
(22) 
BY (W, (21) and (2% 
q's2p'-p"'+4y(G)-2+p'1~o). 
This contradicts (17). Thus we have shown (7). 
Theorem 2. If K(G) 2 2, then 
qgp-p(2)-4y(G)+4)1 
(M(G)1 ifp+2p’2’+8r(G)a14; 
= 1 1 P1 2 otherwise. 
Proof. We can easily prove the above claim by using (1) and the following: 
n(G)smax (1, [&I -k2p(2)+8y(G)-8)]}. (23) 
(23) can be established by using (3~) and the arguments imilar to those used in 
the derivation of (7). Note that s 3 2 and pi 2 3. Left to the reader. 
Theoran 3. If G is a connected nonplanar graph, and S(G) 2 2, then 
(M(G)1 3 r&p - p12)- 47dG) + 4)1, 
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i.e., 
Proof. Similar to the proof of Theorem 2. Left to the reader. 
Theorem 4. ff K(G) 2 4, then 
==[&4y/(K -2)+ K-2)1 if 4yaK(K-2); 
otherwise, 
that is, 
lMG)( 3 min {lip19 rgp - 47’/(K - 2) + K - 2)l). 
Proof. We can prove (24) by using (1) and the following: 
n(G)~max{1,4yl(K-2)-K+2}. 
Suppose that (26) is not true, that is, 
and 
2sn(G); 
~T/(K-2)-~+2<n(G). 
S, t, s, Vi, Ji and ti are defined as in Lemma 2. Let 
(24) 
(25) 
(26) 
Wa) 
WW 
Es ={(u, w) I (u, W)E E, and U, w E S}, 
and 
where isolated vertices, if they appear, are removed. Define G’ = (V’, E’) with p’ 
vertices and q’ edges to be the graph obtained from (;b by contracting all the 
vertices in Vi into one vertex, say xj, for every j E [J iez, 9im Then G’ is a bipartite 
graph, aqd 
pf= t+s’, 03) 
where s’ = ISf7 V’Iss, and t =CiEI o ti- By (27a) and the definition of K, 
dG4xj 1 2 K(G), (2% 
for every jE UiEl o Ji. By (29), each connected corlpanent of G’ has at least five 
vertices. Therefore by Lemma 1, 
q’s2pf+4y(G’)-4. (30) 
On the other hand, by (29) 
q’a Kt. (31) 
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Since n(G) = t-s, by (27b) 
(K--)t>2S+4y(G)+(~-4)s-(K-2)~. (32) 
Since s>~a4, 
(K--2)t>2~+4y(G)-4. 
By (28), (31) and (33) 
(33) 
q’>2p’+4y(G)-4. (34) 
Here y(G) a r(G’) because the genus of a subcontraction of a @aph G does not 
exceed the genus of G (see [S]). Therefore (34) contradicts (30). 
Note that Theorem 4 is a generalization of the property that IM(G)I = tip] if G 
is a 4-connected planar graph, which is an immediate consequence of Tutte’s 
result that every 4-connected planar graph has a hamiltonian cycle [9]. From 
Theorems 1, 2 and 4 we obtain the following corollary which has been shown in 
WI . 
Corollary. If G is planar and s(G)2 3, then 
2 rf(p + 2)] if K(G) = 1 and p 2 10, 
(M(G)I 2 r&p +4)] if K(G) = 2 0~ 3, and p a 14, 
=- 1 : PI otherwise. 
3. Examples 
Let Ci denote a cycle with i vertices, Ki the complete graph with i vertices, and 
Ki,j the complete bipartite graph with i black and j white vertices and with ij 
Table 1 
t-3 K p(1) P’2’ Y IMJ Remarks 
&3) 
2 2 0 p 
K l.p-1 1 1 p-l 0 
(9 34) 
K2.p-2 2 2 0 p-2 
(PW 
K3.p -3 3 3 0 0 
(P6) 
K,p --K K K 0 0 
(pa2~38) 
KP p-l p-l 0 0 
(PW 
0 GPJ 
0 1 
0 2 
rib -91 3 
Ge [71) 
r:(K - 2)(p - K - 211 K r~(p-4y/(K-2)+K-2)1=lC 
(see [71) (Theorem 4) 
rh(P - 3m - 4u L~P_I 
(See ‘,8l> 
‘ty<K(K-2) 
(?heorem 4) 
rgp - p(2) - 4? + 4)1= 2 
(Theorem 2) 
~(p-p”‘_ pt2’-4y+2) = 1 
(Theorem 1) 
f(p-p’2’-4y+4)=2 
(Theorem 2) 
rib - P t2) - 4y + 4)l 
2 = 
{ 
ifp=2(mod4) 
3 otherwise 
(Theorem 3) 
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edges joining a black and a white vertex, The properties of such graphs are 
exhibited in Table 1. By the examples in Table 1 and in [6] it can be shown that 
Theorems 1, 2, 3, and 4 are best possible in the sense that neither the coefficients 
of p, P(‘)r pt2)% and y(G), nor the additive constant erms can be improved. It is 
interesting that the equality in Theorem 4 holds for every complete and complete 
bipartite graph of connectivity 34 as shown in Table 1. 
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